Mathematics Methods
Unit3 &4

Integration

Notes 2019

1.

Indefinite integration rules

(a) Increase the power by one and divide by the new power

Example:
Integrate f'(x) = 2x

1+1
=x2+c
(b) Others
By substitution By formula
ax + b)"t1
f(ax+b)”dx f(ax+b)ndx=¥+c,n¢1
a(n+1)
Example:
f(S —3x)? dx
du 2+1
letu=5—-3x,—= -3 2 (5—3x)
’ 5 — 3 d =
dx f( x)* dx 2+ D(=3) +c
1 (5 —3x)3
f(5—3x)2 dx = fuz(—gdu) =-—3 fc
-(-3)(5
AT AN
5—3x)3
SCaLL

Trigonometric functions

fcosxdx = sinx +c¢
1

cosaxdx =—-sinx +c¢
a

jsinxdx = —cosx +c¢
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fsinaxdxz ——cosx +c¢
a

fseczx dx = tanx +¢

Example 1:
Integrate 15 cos 5x.

f 15 cos 5x dx

flS du
cosu c
= 3sinu+c
= 3sin5x +¢
Example 2:

Integrate sin 5x + 6x

Jsin 5x + 6xdx

Let u = 5x,
du_5
dx
p _du
*=7

J.sinSxdx+f6x dx
B ) du+6x2+
—fsmu? T C

1
= —gcos 5x + 3x% + ¢

Example 3:
Integrate cos 5x cos 5x — sin 5x sin 5x.

f cos 5x cos 5x — sin5x sin5x dx = f cos(5x + 5x)dx

= f cos 10x dx
Let u = 10x,
du 10
dx
dx = du
*= 710
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f cos 10x dx

zfcosudx

_f du
= cosu10

= +c

Exponential functions

fex dx =e*+c¢

Example 1:
Integrate e2*.

Jezx dx

Letu = 2x
du_2
dx
p _du
=3

J‘ du
e% —
er

-t

Example 2:

Integrate 5e3* + 3x.

J.Se“ + 3x dx

Letu = 3x
du_3
dx
p _du
x=3
Se3x
J.Se3x+3x dx = 3
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Example 3:

Integrate 6e3**1,

f6€3x+1 dx
letu=3x+1

du_

dx

p _du

XT3

du
63x+1d _f -
fe X 3
2 x+1

Logarithmic functions

1
f— dx =In|x|+c
x

1
fax+b dx = In(ax +b) + ¢

Example 1:
7
Integrate o

7 1
f— dx=7f— dx

X X
=7Inx+c

Example 2:
1
Integrate s

1
j— dx——.[— dx
X

——l +

6nx c
Example 3:

1
Integratem.
[aers ¢

4x +5 x
letu =4x+5
du_

dx

dy = du

YTy

1 du In(4x+5)
[ o=

u 4 4
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Example 4

Integrate 2+5.

f 4x 4
4x2 +5 x

letu = 4x%+5

4x du _ In(4x* +5)

= +
u 8x 2 ¢

Example 5:
Integrate x + %

1 x?
fx+— dx=—+Inx+c
X 2

Example 6:
Integrate tan 26.

ft 20 de—fsng do
an ~ ) cos 26

Letu = cos 260

du_ 2 sin 26
0= sin
dp = — 2
~ —2sin26
fsin 20 f p
u —2sin 29 “
= ——1 2
> Incos 0+c
Example 7:

coSs X 1
Integrate —— + -
sinx X

cosx 1 )
j - +—dx=Insinx+Inx+c
sinx x

=lnxsinx
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Integration involving partial fraction

Cases for setting up a partial fraction

Case Rational function Partial fraction
Distinct linear px +q A B
———,a#b +

factors (x—a)(x—b) (x—a) (x—D>b)
Distinct cubic x> +qx+r A B c
: pr T4 Ja#b#c + +
linear factors (x —a)(x —b)(x —¢) (x—a) (x—-b) (x—c)
Repeated linear px +q A B
factors (x —a)? (x—a) (x—a)?

px +q A B C

3 + z T 3

(x—a) x—a) (x—a) x-—a)
Repeated linear px®>+qx+r A 4 B + C
and distinct (x — a)?(x — b) (x—a) (x—a)*> (x—-D>b)
linear factors

Example 1:

x%+11 A

Find the values of 4, B and C given that

5

x%+11
—— ax.
(x+2)2%(x-3)

411 A B C
(x+2)2(x—3) x+2 (x+2)2 x-—3

Multiply (x + 2)%(x — 3),
x24+11=A(x+2)(x—3)+B(x—3)+C(x +2)?

letx —3=0and (x +2)>=0,

~x=3andx = —2
When x = 3,
32+11=A(x+2)(3—3)+B(3—3) + C(3 + 2)?
20 = 25C
- 4
5
When x = -2,
(—2)?+11=A(-2+2)(x —3)+B(-2-3) + C(—2 + 2)?
15 = —5B
B =-3

Equating coefficients of x2,

1=A+C
1=A+2
5

w1223 ez T ez T s

B c

+ Hence, evaluate
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Ao 1
5
2 x+11 1 3 . _*
L x+22x-3) T ) s+ 2) (x+2)2 5(x—3)
3
[ In(x + 2) +? + —ln(x - 3)]
_4In(12) +5
20
Example 2:
. . 3-x A B 2 3-x
Find the values of A and B given that > = + —. Hence evaluate [ ——
5+3x—2x 5-2x  14x 0 543x-2x2

3—x _ A N B
5+3x—2x2 5—-2x 1+4x

Multiply (5 — 2x)(1 + x),
3—x=A1+x)+ B(5 —2x)

let(65—-2x)(1+x)=0
.-.ngandxz -1

When x = —1,
3—(-1)=A(1-1)+B[5-2(-1)]

4=17B

4

B=-
7

jz 3—x d—fz 1 N 4 p
o S5+3x—22 T ) 75 -20 " T+

_ 1In(5 - 2x)
= [7—_2 —1 (1+x)]

In(5 — 2x)

= [-—— —1 n(1+ )]

=Mz Lins
BT
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The arbitrary constant, "c" in indefinite integration

(a) Origin

Origin of arbitrary constant (by example):
By differentiating y = mx + ¢, we can get Z—z = m. The value of ¢ disappears as it does not
have an unknown, x.

y=3x+1
y=3x+2
y=3x+3

For all the equations above,
dy
dx

. dy _
If we integrate T 3,
f 3dx = 3x
From here, we can see that the equation is y = 3x. However, there should be a constant as
y=3x+1 +# y=3x+2 # y=3x+3

Therefore, the integration of these equations should give y = 3x + ¢ where c is a constant,
¢ = 1,2,3 for this case.

(b) How different ways of integration affects arbitrary constant

Example 1:

Method 1

j cos3x sin x dx

fcosxcoszx sinx dx

f(l — sin?x) cos x sin x dx

Letu = sin x,

du
— =cosx

dx

du
coSs X

f(l—uz)ucosx
= |u—u®du

u? ut N
= ———+4c¢
2 4
sin’x sin*x N
= - c
2 4
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_ 1—cos*x (1-cos?x)*
B 2 4
1—cos?x 1—2cos?x+ cos*x N
= — (o
2 4
1 cos?x 1 cos®x cos*x
=== ——+ - c
2 2 4 4 4
cos*x N 1 N
= — - +c
4 4
Method 2
f cos3x sin x dx
Letu = cos x,
du .
— = —sinx
dx
j 3 . du
u’sinx ——
sin x
[~
= | ——du
4
3 cos*x
B 4
Both answers are correct. By comparing both answers,
1
C=—-+c
4
Or also
c 1
c=C—-
4
Example 2:
Method 1

X2
jx+1dx= 7+x+c

Method 2
fx+1dx
letu=x+1

fudu

= —+C
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Both answers are correct. By comparing both answers,

—1+C
=2
Or also
= 1
Example 3:
Method 1
1
f—dx— f dx
51nx+c
Method 2
j 5f—dx
—71 5x+C
=z nb5x
—71 5+71 +C
—5n 5nx
—71 +7l 5+C
—5nx 5n

Both answers are correct. By comparing both answers,

—71 54C
c—5n
Or also
C = 71 5
=c 5n

Finding equation of a curve

Example 1:

Find the equation of curve passing with gradient function f'(x) = 5x2 + 2x at (3,5).

3
fo2+2x dx:5i+x2+c
3

_Sx N
y—T x%*+c
At (3,5),
5(3%)
5= —=+3%+
3 +
c=5-54
= —49

3

Equationisy = 5% +x% —49
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Example 2:
50t

m at (2,3).

. . d
Find v given that d—: =

50t
f(t2 —1)2 a

=f50t(t2 —1)72%dt

letu=t>—-1
du—Zt
dt
dt—du
T2t

f 50t (w)~2dt

du
=f50t(u)‘2 or

25u—2+1
25 (t2 — 1)~
__»E b
25
T
At (2,3),
3= 25
T T@r-1 ¢
34
€= 3
__ .25 34
VETE 173
Example 3:

The tangent to the curve y = f(x) at point (2,0) is equated by y = 2x + 3. The gradient
function is f'(x) = zx + h. What is the equation of curve that it passes through (4,7)?

f'x)=zx+h

zx?
fzx+hdx=7+hx+c

2
Equation of curve is f(x) = % +hx+c

At (4,7), At (2,0),
7=%+4h+c 0=42—Z+2h+c

7=8z+4h+cC.(l]) 0=2z+2h+C....(2)

(1)—(2),
7 =6z+2h
6z+2h=7..(3)
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f'x)=zx+h
2=zx+h
At (2,0),

2z+h=2..(4)

(4)x 2,
4z +2h =4 ....(5)

(3)-(5),
2z =73
_3
)
Whenz=§,
2
3
2(5)+h=2
3+h=2
h=—
zx? At (2,0),
f(x)=7+hx+c 3(2)?
3, 0= 2 —2+4+c
=X
ZZT—x—i-c c=-1
3x2
ZT—X+C

3x?
Therefore, f(x) = - X 1

Area under the curve

(a) Trapezium rule

Additional info.
Given a curve with function f(x)

YIfe) |

To find each area of strips (trapezium):

1
Area = > Vo +y)w

Total area under the curve by calculating the total area of rectangular strips,

1
Area =w [E(}’o +yn) + 201yt Yn-1)]
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Example:
Diagram below shows a function f(x) = 5%*.

f)

|
)

[G) =5%

0 1

Estimate the shaded area using trapezium rule.

1
Width of trapezium strips = <
=0.2

1
A= 5(0-2){[f(0) + £(0.2)] + [f(0.2) + £(0.4)] + [f(0,4) + £(0.6)] + [f(0.6) + £(0.8)]
. +[f(0.8) + F(D]}
= E(OZ)[f(O) +2f(0.2) +2f(0.4) + 2f(0.6) + 2f(0.8) + f(1)]
~ 7.712 units?

(b) Rectangle method/ midpoint rule

Given a curve with function f(x)

h —

Area circumscribed
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\

h —

Area inscribed

To find each area of strips (rectangles):
A=f(x)/hxw

Estimating the area of curve,

Acircumscribed + Ainscribed

2

Area =

Example:
Diagrams below shows graphs of f(x) = 2e~2¥ inscribed and circumscribed.

f(x) f(x
2\ 2
f(x) = 2e ¥ f(x) = 2p72X
H\‘—
0 1 "X 0 1 x

Estimate the area of the region trapped between the curve and x —axisfromx = 0tox = 1.

Width of strips =

oull k

2

A=f(x)/hxw
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Total area inscribed = w[f(0.2) + f(0.4) + £(0.6) + £(0.8) + f(1)]
= 0.2[3.516]
= 0.7032

Total area circumscribed = w[f(0) + £(0.2) + f(0.4) + (0.6) + f(0.8)]

= 0.2[5.245]
= 1.049
A Acircumscribed + Ainscribed
rea = 5
0.7032 + 1.049

2
~ 0.8761 units?

(c) Integration (definite integral)

Given a curve with function f(x)

a b
b
Area =f f(x) dx

Tips for finding area bounded by two functions:
Use the function above minus the function below.

Example:
Find the area trapped between f(x) = sin x and f(x) = cos x fortherange 0 < x < 7.

f@) % n
t Azf cosx—sinxdx+ﬁrsinx—cosxdx
O —_
o B p— . = A oA
R £ B f(x) = cos x
| ‘\</ / = 2+/2 units?
| / \
// \ \\‘

¥ 4

N i > ‘f(x) = sinx

Graph intersects at x = %in the range 0 <
X<T
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Fundamental theorem of calculus

(a) Evaluation theorem: Part 2

b
[ reodx = 1F@1? = F ) - F@

a

Example:

1 . .
Use the fundamental theorem of calculus to evaluate fo x? + e* dx. Give your answer in
terms of e.

1 3 1
fxz—l—ex dx = [+ e”]
0 0
= [+el-[5+e%)
=—=+1e

(b) Relationship between differentiation and integration: Part 1

Finding derivative using fundamental theorem of calculus

d * _
&1 rona = reo

Example 1:
. d x
Determine — [f, t* +2]dt.

d X
—[f t2+2]dt =x*+2
X Jq

Example 2:
. i y 5
Determine -~ [f] 3t>+2t]dt.

d y
@[f 3t5 + 2t] dt = 3y° + 2y
1

Using fundamental theorem & chain rule to calculate derivatives
d 9(x) ,
—[| f®ldt = flgx)] x g" (x)

dx °J,

Example 1:
. d x+1
Find — [f; " t]dt.

d x+1 i - d
E[L t] t—(x+1)><a(x+1)

=x+1
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Example 2:
ind L ¢ ¢2
Find — [f, t*+t]dt.

X

[fe t2 +t]dt = (ezx+e")xiex
- dx

d
dx
= (e +e*)e*

Using fundamental theorem of calculus with two variable limits of integration

Steps:
1. Break the integrals in accordance to facf(x)dx = fabf(x)dx + fbcf(x)dx.

2. Apply = [[7 F@©)] dt = flg()] x g’ (x) and/ or = [[¥F(©)] dt = f(x) whenever
necessary.

Example 1:
Find f'(x) of f(x) = ft3tx3 dx.

3t d 3t d 0
x3dx=—J x3dx+—jx3dx
0 t

dt J, dt dt
= (3t)3 x i(3t) — ijtﬁ dx
dt dt ),
=3(27t3) —¢3
= 80¢t3

Example 2:
In2x -

., d
Fmda[fw2 y? dyl].

In 2x In2x d 0
- 20y 1= — f 2 dyl + — f 2d
dx[J;Hz yidy] dx[o el dx[x+2y V!
d d xX+2
= (In 2x)? xa(ln Zx)—a[j;) y? dy]
_(n 2x)?

. —(x+2)2xj—x(x+2)
_ (In2x)*

— (x + 2)?

Theorem (iii)

“d
| GO =@ - £b)

Example 1:
Find fz’“%(ﬁ +1)dt.

Lx%(ﬂ + Ddt = [x3+1] - [23 + 1]

=x3-8

Page | 17



Notes 2019

Example 2:
Find f"zi(Zt2 + t)dt
T dt ’

fx %(th + t)dt = [2(x?)? + x%] — [2n? + 7]

= 2x*4+x?-2n% -1

Additivity and linearity of definite integrals

Summary:

fa “Fdx =0
| fadx = - [ reoax
. Flodx = J feodx + J FGodx
i kX fdx =k | fa

b b b
[reozg@nan=| rwdaxt [ ga dx

faf(x)dx =0

Example:
Given that fff(x) dx = 3, evaluate f77 2f(x) dx.

7
f 2f(x)dx =0

Using substitution method

Example:
Given that f(x) is continuous everywhere and that f715f(x) dx = 7, evaluate

[, f(x +5) dx.
letu=x+5,

10 15
du f f(x+5)dx=f fw) du
—=1 2 7

dx =7

du = dx

When x = 10,
u=15
When x = 2,
u=17
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fabf(x)dx = —fbaf(x)dx

Example 1:
Given that flloof(x)dx = e1?, evaluate flloof(x)dx

100

1
f(x)dx = — f(x)dx
100 1
— _pl2

Example 2:
Given that f__lzof(x)dx =5, evaluate flzof(—x)dx.

letu =—x,
du

o
—du = dx

-1

When x = 10,
u=-10
When x = 2,
u=-2

2 -2
f(=0dx=| fQ)-du
10 B _—510

fabk X f(x)dx = kj:f(x)dx

Example 1:
Given that fff(x) dx = 3, evaluate f17 7f(x) dx.

f77f(x)dx =4(3)
' =28

Example 2:
Given that f37f(x) dx = 12, evaluate f37 % dx.

@), 12

x_
, 4 4
=3
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Example 3:
Given that fslzf(x) dx = 7, evaluate f17 2f (x + 3) dx.

letu=x+3,
du

e
du = dx

1

Whenx =9,
u=12

Whenx = 2,
u=5

7 12
f 2f(x + 3)dx =f 2f(u) du
1 5

=2(7)

=14

f:f(x)dx = Lbf(x)dx + J:f(x)dx

Example 1:
Given that f162f(x)dx = 100, evaluate fllzsf(x) dx — f618[f(x) + 10] dx.

18 18 18 18 18
f(x)dx —f [f(x)+10]dx = f(x)dx —f f(x)dx—f 10 dx
12 6 12 6 6
18 6 18
= f(x)dx + | f(x)dx—[10x] 6
12 18
6
= | f(x)dx—120
12
=100-120
=-20

Example 2:

Given that fff(x)dx =13 and f76f(x)dx = 24, evaluate f17f(x)dx + f67f(x)dx.

7 7 6
J. fx)dx +J. f(x)dx = 13+ (—f f(x)dx)
1 6 7

= 13-24
= 11
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b b

f(x)dx £ f g(x) dx

a

| ") + 900 dx = |

a a

fb[f(x)ic]dx=fbf(x)dxifbcdx

Example 1:

Given that f987f(x) dx = —43, evaluate f987[f(x) + 10] dx.
87

87
f [f(x)+10]dx = j 10 dx + (—43)
9

9
= [10x] 9

=780 —43
=737

43

Example 2:
Given that flgf(x) dx = 3.5, evaluate flg[f(x) — 10x] dx.

0 10x%_g
J [f(x) —10x]dx. =35 — [—/— ]
1 2 1
= 3.5-400
= —396.5

END
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